UDC 624, 07:534,1
ON THE EULER'S STABILITY OF A VISCOELASTIC ROD

PMM Vol, 38, N1, 1974, pp,187-192
E.I, GOLDENGERSHEL
{ Moscow)
(Received June 30, 1972)

The critical value of a longitudinal compressive force is calculated for a long-
itudinally compressed viscoelastic rod subjected to a slowly varying transverse
load, A foundation of the computation method by creep according to a long-
time modulus is given for the subcritical values of this force,

The method of investigation is based on some Tauberian theorems of Paley-
Wiener-Gelfand type [1 —4],

1, Let a thin viscoelastic rod of variable section of finite length / ,subjected to a
longitudinal compressive force P and influenced by a slowly varying external transverse load
p (z, {) , be liable to weak bending [5], Let us select the origin at one of the rod ends
and let us assume that the rod axis is located alongthe x «axis at time ¢ == (0, Then the
deflection » (x, ) of the rod axis is described by the following boundary value problem
[5, 61: ¢
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——a?<!‘.l(m) 8x‘l>_PW""PSK(t’T}Wdt:—p(x’t)' (1.1)
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t
SK(t,T)p(z,‘r)dr, 0 <1, 0t o0
i}
U r]=0, i=1,2,3,4 (1.2)
Here (1, 2) are the self-adjoint boundary conditions describing the nature of the rod fast-
ening at the ends z = 0 and z == {, K (¢, 1} is the creep kernel of the rod material,
I (z) is the moment of inertia of a rod section with abscissa « relative to the section
axis, and /© is the instantaneous elastic modulus,
Let us assume that K (¢, ¥) is weakly singular at 0 v <t < o0, F = const, [ (z}
is finite and separated from zero in [0,!] and two of the four boundary conditions (1,2)
are

VA0 = by (), (D= hy (D, O il oo, =, 02 (1.3)

As is known [5], conditions (1, 3) are satisfied for clamped, hinged, and a simply supported
end,

Let us say that the vector function f (#), 0 <Ct < oo belongs to the class /1. if it takes
values from the Banach space € [0, 7] and is measurable and bounded almost every-
where in each finite interval of the half-axis {0, o) [7].

We shall henceforth assume throughout that p (z, ¢) belongs to .1 as a function of ¢
Then y («, t) will also belong to /1.

Let @ (1) be some continuous function positive in [0, oo) .

We say that for a given P the boundary value problem (1,1),(1,2) is Euler stable
with weight « (#) if the existence of a finite limit uniform in =z &[0, /]

L,p == lim p{z, ) a (9 (1.4)
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implies the existence of a finite limit uniform in z & [0, I]

Ly = lim y (z, ) a (8) 1.5)
{00

We call p @ the critical value of the force P corresponding to the weight o (f)
if for all P <P (), Euler stability with weight o (&) holds and for P = P,y it no
longer takes place,

As is known [8], the investigation of the Euler stability of an elastic rod reduces to the
spectral analysis of a fourth order differential operator, Investigation of the Euler stabi-
lity of a viscoelastic rod would moreover require the application of some Tauberian
theorems of Paley-Wiener-Gelfand type based on a study of the spectrum of Volterra
operator on a half-axis [1 —4],

This approach permitted the following results to be obtained,

Theorem 1, Let
t
. \ a (1) 0 B
)y sup \|K(t,7)] % (%) dr< >0, 2) lim \ K (¢, 1) %0 dv =0

0<{f<lo0 b t—oc

for any measurable bounded set A C [V, )

t
. ¢ t)

Then the following estimate holds for the critical value of the force P,
t

N . i a (t) -1
Pactyy = P (1+‘£T},QS}I;£'S[A(LT)I 1t dr)

where P, is the critical Euler force for the elastic problem corresponding to the problem
(1.1),(L.2).

For £ < P ,the solution of the boundary value problem obtained from (1,1),(1.2)
by replacing ¥ by La«y , p by Lap and the Volterra operator V with kernel A’ (¢, 1) by
the operator of multiplication by the constant 7, ,is L,y . A more exact result (see [9])
is successfully obtained for

o (t) = ¥, Imb = 0 (1.6)
Theorem 2, Let
K 1=K, (t—1)+ K (t, D (1.7
where o
D KO0 20 ) k@=\ K@ <e, mo=o
0

3) ko (w) takes on real values only on the real axis ;

4) K, (¢, 1) satisfies conditions (1), (2) of Theorem 1 for « (f) = ¢™%;
¢

5) lim. sup; S | Ki(t, 1) | e gr =0
s—»c0 1228 ¢
Then the critical force P (e bty is determined by the expression
P<e“"> = P, [1 + ko (0)]! (1. 8)

where P, is the critical Euler force for the elastic problem corresponding to the problem
(1.1 (1.2).
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For P < P @My the limit deflection (Lay) (x) is the solution of the boundary value
problem obtained from (1, 1), (1,2) by replacing ¥ by L.y, p by L,p and the operator
1" by the operator of multiplication by k, (9).

2, Theset P;, i=-1,2, ... ofthose P for which the homogeneous elastic bound-
ary value problem corresponding to (1, 1), (1, 2) has a nontrivial solution will be called
the Euler spectrum of the elastic problem corresponding to (1,1),(1,2), (As is known,
all p; > 0, and the Euler critical force P, coincides with P,.)

Let M (P) denote the differential operator generated by the differential expression

/ d* o A\

’
Lyl == =3 : EI) g — Pl)) Y

and the boundary conditions (1,2), D (M (P)) its domain of definition in the space
c |0, !} and @, (¢, £, P) its Green's function,

Let % be the operator generated by the double differentiation operation and the
boundary conditions (1, 3), Its domain of definition in ¢ [1, (] will be denoted by 1 (%),
It is clear that D) () ™ D (M (P)).

Let us assume Q (P) - A7' (P) B.For fixed « and P, Qq(x, &, P)& D (B), and
the operator /3 is self-adjoint in L, (0, !), hence for any ¢ & D (B)

!
. ' ()2()r1 (r, Z.P) .
QP =\ — g )z (2.1)
0
Henceforth @ (P) will everywhere be understood to be the Fredholm operator (2. 1)

acting in C [0, {].

Let (4; (Ph7Y, i:=1, 2, ... denote the eigenvalues of the operator ¢ (). We note
that ¢; () agree with the Euler spectrum /; (i -= 1, 2, .. .) of the elastic problem
corresponding to (1,1),(1,2) and

01 (P) = B (P) - BU(M(0) — PB) = BT\M () — PI - Q7' (0) — PI

on D (M (P)), Hence
gi (P) = Py - P, i=1,2 ... (2.2)

Let Ac, (i (0, o0) denote the Banach space of the functions f (z) which are measur-
able and bounded almost everywhere in each finite interval of the half-axis [0, o)
for which the finite limit . )

Lof =l 7(1) o (1) (2.3)

with the norm
oo -2 088 S ot .4
“ ”( » 0<l<e? | f () l ( ) (2 )

exists, and let Z 1y (05 09 be its subspace consisting of those 7 for which Laf - 0.
Analogously [3, 4], the following assertion holds,
In order that for each f (#), which is measurable and bounded almost everywhere in
each finite interval of the half-axis [0, -o), the existence of 1, j should imply the ex-
istence of La.g, where ¢ (i) is the solution of the integral equation
!
\ K, 0e@dr—1e 0 =1 (2. 5)
o

it is necessary and sufficient that A be a regular point in the space A, (), (U, 00) of
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the operator V {
D@ =\K ¢ 0 @ar (2.6)

0
We shall henceforth assume everywhere that the kemel of the Volterra operator |7 (2,6)
satisfies the conditions (1) —(3) of Theorem 1, These conditions assure boundedness of
V inboth A, (), (U, c0)[T]and in Z , (), (0, o) [3],

3, We introduce the Banach space CA, (;, of the vector functions f(t) € 4 for
which the limit (2, 3) exists, with the norm (2, 4), where | f (t,) | now denotes the norm
of the element f (¢y) in C |0, {}.

Let p(«, t) belong to CA, ;- The boundary value problem (1, 1),(1.2) is equiva-
lent to the following integral equation of Volterra type:

(PVQ (P) — D)y = M (P) (I + V) p (3.1)

where V' is the Volterra operator (2, 6) acting in A oy (U 00)

The investigation of the Euler stability of the viscoelastic problem (1,1),(1,2) reduces
to the following problem,

Find the conditions under which the solution of (3,1) also belongs to this space for
P € CA(; (1, and find the expression for L, in terms of L,p. It is clear that if 1/P
is a regular point of the operator @ (P) V in the space CA, (), then the boundary
value problem (1.1),(1,2) is Euler stable with weight « (7). Hence, investigation of the
Euler stability of the boundary value problem (1,1), (1, 2) is closely related to the study
of the spectrum of the operator Q (P) V in the space CA., ()~

The theorem of multiplying spectra (see Theorem 3 in [4]) according to which (taking
account of (2,2)) 1

Sea(y (QUPYT) = Lg )E%LIJ(”)(V)A PP (3.2)

is carried over to the operator Q (P) V acting in the space CA ., ), Here g . . (V)
is the spectrum of the operator V (2,6)in A,y (0, 00) and o, (O (P) V) isthe
spectrum of the operator ¢ (P) V in CA., 4)5.

Lemma 1, If 1/7 is a regular point of the operator @ (P) V in CA, (4, then
L,y is the solution of the following boundary value problem:

de i d*L,y ' d*L,y o
—m(/-,z(f)—d—ﬂ—— —PU+T)—gm =— - T)Lp (3.3)
ULyl =0, i=1,2,34

i,e, the problem obtained from (1,1),(1.2) by replacing y by L.y, p by L r and the
Volterra operator V (2, 6) by the operator of multiplying by the constant 7' (see con-
dition (3) of Theorem 1),
Proof, Let usrewrite (3,1) as follows:
1 t

P d*Qo(r,E, P ° . \\w
\ELE D (N K05 0 D 3 () — () () 7 % =

. 02 ,E, P 1
VKt 05 o Q"(;if L L) @) — v 20 =
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o 4]
and let us pass to the limit for ¢ — cc. We obtain

1 1 o -
("@Q (") =~ { oy = A+ T M) Lap

We show that 7, S (1) (V). If this is not so, then (2, 5) will have the solution
& A )y (0, 00) forany fe Ay, ;) (U,%0), Let us choose f so that L,f== 0. But
if we pass to the limit as ¢ — oo in (2, 5), which can be rewritten as follows:

t

' i / \
SK(t,r) th)) @20 — Le)dr + (\K(,7) Zg))d) Lo—T® @O =f()x)
0

0
then we obtain @ = L.f.
In conformity with (3,2), 1/P T} is a regular point of the operator @ (P) in C |0, {]
and therefore (7Q (P) — (1/0’) I)™! exists, Then
14 T, A\t
Ly ——t (1 Q) — 5 ) M) Lyp (3.4)

which can be rewritten as
Ly=— 1+ Ty Q" (P) — TWPHT M (P) Lp

It hence follows that L_y is the solution of the boundary value problem (3, 3),

It follows from (3.2) that the spectral radius of the operator Q (P) V in the space
CA (quyy equals the product of the spectral radius r . (V) of the operator 1V (2.6)
in Ay (U, 00) by the spectral radius of the operator ¢ (#) (2.1). The estimate found
for the space Z 4y (U, o0) in [3] is retained for r, )y (V) in A g4, (0, c0), Hence,
Theorem 1 follows from Lemma 1,

4, Let us turn to the proof of Theorem 2, To do this we need the following

Lemma 2. Let K (t, 1) be representable in the form (1, 7), where A, (¢) satisfies
condition (2) of Theorem 2, K, (¢, T) satisfies conditions (4) and (5) of the same theo-
rem,

Then in order that the viscoelastic problem (1, 1), (1, 2) be Euler stable with weight

e PU . s
e, it is necessary and sufficient that

Pi== P (ko (w) + 1),  Rew3>0 (4.1)

where #; is the Euler spectrum of the elastic problem corresponding to (1.1),(1.2) and
ko (w) is the Laplace transform of the function A, (4).

Proof, The sufficiency of condition (4,1) follows from (3.2) and from a general-
ized Paley-Wiener-Tauberian theorem [1] (see [3]) proved analogously [4](see Theorem
2).

We prove its necessity, For some w with Re w > 0 and some P; let the equality
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(P; — PY | P = ko (w) (4.2)
hold, This equality means that (P; — P)/P belongs to the spectrum of V' in A<e-9’> u,

~}. Hence (analogously to [4]), there exists a function L (1) € A JRETN {0, o} such

that P p 4
(=== 1) W) oza a0 @
Let us represent (3,1) as follows:

- 1 I\-1 I
yi{x, t) = (EFX— )(x, t) -+ ((Q Yy — 7,—) (Q (P) -+ Tf) B“1p> (v, 8)

By g (v) we denote the eigenfuncrion of the operator @ (P) (2,1) corresponding to the
eigenvalue 1/{P; — P) and we assume

p(x, 1) = h (1) (Bgi) (x) (4,4)

P, ) i =

Yz, t) = *11: (B7g) () RO+ prp =Ty <Q PV ——5 1) g u) (e, 1) (45)
Analogously to [4] we have '

((Q Y — “}‘,— 1)~1 gi/z\) (@, t) == ((-}—;%; Vo— ——11—)-« ])—1 h) () g; (x)

1t hence follows that taking account of (4. 3) and (4, 5), the deflection y (», t) does not
satisfy condition (1, 5) for a load of the form (4, 4) (which satisfies the condition (1,4)
for a () = %),

Proof of Theorem 2, It easily follows from Lemma 2 that Euler stability with

Then

weight % holds for 1/P>ko ®)/(P, —P) and for 1/P=ko (0)/ (P, — P) it no longer
B ) ®Nr, —P) / ®) (P, g

takes place, Hence, (1, 8) is obtained for ¥ Ce-Oty o The second assertion will foliow
from Lemma 1 and from (3,2) if it can be proved that 7y =k, (0) -
In conformity with (1,7)

4
T, = ky ®) + lim \ K1, 0 e (4.6)
0

and it follows from condition (5) of Theorem 2 and condition (2) of Theorem 1 that the
limit on the right in (4, 6) equals zero,
Note 1, The kemel of N,Kh, Arutiunian [10]

Kt 1) =—— {1, 4 —§-) (1 — e=3=%y

satisfies the conditions of Theorem 2 for § = 0, since
; ¢
dr 1 ’
lim Suplg T — < Yim —-—*supts e =gy — 0
o0 128t ¢ T soe 5 s
The expression (1, 8) for the critical force P ce Oty has been obtained for the Arutiunian
kernel at § = 0 in [11], '
Note 2, The method of calculation L,y for e« (#) == 1 by using the boundary value
problem (3, 3) is used in engineering computations, This is the so~-called method of ana~

lyzing the creep by means of the long-time modulus {6, 11], Theorems 1 and 2 afford
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a foundation for this method,
The author is grateful to Iu, N, Rabotnov, S, G, Mikhlin, G, I, Barenblatt, V, B, Lidskii
and V, S, Ekel'chik for useful discussions,
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